The preimages can be constructed.
Recall the smooth Euler Lagrange operator
Step 2: mod out by the boundary terms, that is, total derivatives.
The simplest FEM example using the mindset/technology/terminology of formal variational processes:
The triangulation of R has vertices x n and edges
The projection is
The discrete Lagrangian is Π(u) 2 x − 2Π(u) and hence
The blue term telescopes and hence is set to zero: this term is a boundary term.
Using the identity a n δu n+1 = a n−1 δu n + boundary terms yields the variational derivative, modulo boundary terms, of
Since each δu n is independent, the coefficient must be zero (at least in the function space 2 ), and this then is the discrete Euler Lagrange equation. Integrating twice gives
x 2 0 − κx 0 ) which is the exact solution at each node.
Not all choices of Finite Element are suited to variational methods Using piecewise constant functions to approximate functions leads to poor results. Instead, use the zeroth moments for u on (x n , x n+1 ) and (x n+1 , x n+2 ) to create a piecewise linear approximation for u on (x n , x n+2 ) with the same 2 moments:
for an approximation on the partition
This fixed projection fits into a coherent scheme.
In two dimensions, what is the equivalence class / cancelling sums / boundary terms needed to calculate the Euler Lagrange operator? ANSWER: "coboundary of a 1-cochain" * Take a triangulation: vertices v, oriented edges e and oriented faces f .
v f e 0 cochains are maps < v i >→ R 1 cochains are maps < e i >→ R 2 cochains are maps < f i >→ R All maps linear over R or some coefficient ring. Change orientation ≡ change sign. * classical simplicial algebra Given F :< e i >→ R, define δF :< f i >→ R by (for f as in the diagram),
and extended linearly. Note: the signs are according to whether the orientations match or not.
For the face in the diagram, the boundary is ∂(f ) = e i + e j − e k . In general, we write,
The map δ is called the coboundary operator.
If you are using an interpolation scheme, all the data lie on the vertices. The set of faces is then a set F of ordered triples of indices and the set of edges E is a set of ordered pairs of indices.
The ordering gives the orientation.
(ikj)
A telescoping/coboundary sum looks like
that is, cyclic sums on edges.
The projection of X L[u] dx is
where |f i | = 1 if f i has the anti-clockwise orientation, and |f i | = −1 for the reverse orientation.
If Π(L) is a coboundary, the sums over the internal edges will cancel: (1) will depend only on the boundary data. In fact we have a discrete Stokes' theorem,
The simplicial theory is attractive. It allows us to use results and intuition from classical work on triangulations. It generalizes to n dimensions.
